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Pitting corrosion is one of the main threats in the pressure vessels integrity and also causes the failure 
of buried pipelines steels that transport sour gas, crude oil or condensate hydrocarbon, for this reason, a 
reliability assessment of pressurized vessels and buried pipelines based on probabilistic mathematical 
modelling to estimate the remaining life-time due to pitting corrosion damage is extensively employed. 
Herein, a methodology for probabilistic mathematical modelling of the pits initiation process and its 
depth growth process is developed; both uncertain processes are well represented by stochastic models. 
In this methodology two stochastic models are applied; Poisson process is used to model pit initiation 
and Gamma process to model the pit depth-growth. Such methods are validated using data produced 
by computer modeling procedures. On the other hand, in the oil industry it is common not to inspect 
the entire vessels surface; instead of this only a small part of the surface is under inspection. According 
to this, the use of Block Maxima (BM) and Peak-Over-Threshold (POT) models “EXTREME VALUE 
STATISTICS” to characterize the probability distribution of maximum pit depths is also approached. 
The results indicate that POT model can evaluate efficiently the maximum pitting corrosion depths. 
 
 




World Corrosion Organization estimates for the annual cost of corrosion worldwide around 2.4 
trillion US Dollars (3% of the world’s GPD or two times the Mexico’s GDP) [1]. For example, only in 
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the case of the almost 4 million kilometer of metallic pipelines crossing the U.S. [2], the cost could 
exceed the 8.6 billion dollars per year [3]. Some studies around the world have found that one of the 
main threats of the pipelines integrity is the pitting corrosion [4-7]. This phenomenon has great 
importance for the maintenance of metallic structures. The documented stochastic nature [8] and the 
lack of an electrochemical technique capable to estimate the pit depths make that the pitting corrosion 
would be usually modeled using probabilistic and statistics techniques.  
In order to model the pitting corrosion it is necessary to pay attention in the two main steps of 
this degradation process: the initiation and the growing. The pit initiation time can be described using a 
Poisson distribution [9]. Initially, the pitting growth was modeled using deterministic models. The 
most famous deterministic approach to represent the pitting growth is a power law proposed by 
Romanoff [10] the last century: 
 
( ) qy t kt        (1) 
 
Where: ( )y t  is the pit depth, t  is time, k  and q  are regression parameters.  
 
More recently, some studies [11-12] have showed that it is possible to relate the k  and q  
parameters with the characteristic of the environment. However, there are other factors such as the 
alloy composition, microstructure, non-homogeneity of the surrounding media, temperature, that make 
difficult the accuracy of a deterministic approach. For this reason, it is more useful to develop models 
that can represent the variability of the response. Therefore, in recent times, some authors have been 
created stochastic models that include the power law mentioned above taking into account soil 
characteristics [13-15]. 
The main goal to study the pitting corrosion like a stochastic phenomenon is to assess the risk 
of perforation of in-service components. By thinking in this way, it is important to focus on the 
analysis of maximum pit depths because the deepest pits are the first pits that cause leaks. To study the 
deepest pits is frequently to make use of the extreme value theory [8, 12-14]. 
In the oil and gas industry there are some structures that are not possible to inspect like 
unpiggable pipelines or some parts of the pressure vessels. In those cases, it is helpful to employ the 
sampling inspection. The samples are used to estimate the deepest pit in a pressure vessel using the 
concept of return period.  
The Gumbel distribution is usually used to estimate the maximum pit depth via Block Maxima 
(BM) [16, 17]. Nevertheless, Caleyo et al.[15] showed that the application of the Generalized Extreme 
Value Distribution (GEVD) can be more appropriate than any other bi-parametric distribution (e.g. 
Gumbel, Weibull or Fréchet). The expression that represents GEVD is described by Equation (2) [18]. 
This equation is defined on   :1 / 0My z    , where the location parameters satisfy 
 , the scale parameter 0   and the location parameter     . 
1/
( ) exp 1 MM
y
G y
     
     
    
                (2) 
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Caleyo et al.[15] also fitted the maximum pit depth to GEVD and they noticed that the shape 
parameter progresses in time. But, one can ask the next question: Can be noticed the evolution of the 
shape parameter when it is only inspected a small part of the structure? This research helps to answer 
this question.  
This paper describe the pit initiation time like a Non-Homogeneous Poisson Process (NHPP) 
[19].The pitting growing is modeled using the Gamma process [20,21]. Once, the pit depth is obtained, 
it is possible to study the maximum pit depths using both the Block Maxima (BM) and the Peak-Over-




2. PIT INITIATION MODELLING 
The pits usually initiate at random times and they grow according to the natural characteristics 
of the material and the environment. That is why we model the initiation time and the total number of 
pits up to certain time assuming that the number of pits in time follows a NHPP. 
It is feasible to suppose that the pit initiation time also arises according to a NHPP with 
intensity function ( )m t , where   is defined as the mean pit density per area unit and ( )m t  can be an 
arbitrary function. In accordance with the last supposition the expected number of pits up to time t can 
be described using the Expression (3) [20]. 
 
0
( ( ) ) ( ) ( )
t
s
E N t m s M t

                    (3) 
 
The meaning of the Equation (3) is that given both the mean pit density and the intensity 
function the number of pits follows a Poisson distribution. It is possible to represent the increment of 
the actual number of pits 1( ) ( ) ( )i i iN t N t N t     where 0 1 2 ...t t t   are different times. This 
supposition implies that 1 2( ) ( ) ...N t N t    are independent and each one can be described according 




( ( ) ( ))





m t m t
P x m t m t
x
                                  (4) 
 
The pit initiation time ( s ) can be obtained using one characteristic of the event times in a 
Poisson process. This characteristic establish that the events initiation are uniformly distributed over 
the interval from zero to t (See Reference [20] in Theorem 5.4). In this context, it is possible to 
compute the pit initiation time using the Expression (5). Where U is a random number uniformly 
distributed over the closed interval from zero to 1.  
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    2 2 21 1( )i i is t t U t                    (5) 
 


































Figure 1. Number of pits evolution. 
 
Just for the sake of illustration, it is showed the evolution in time of the simulated pits in Figure 
2. This figure exemplifies how the number of pits increases in time. The black points represent the pits 
that start to grow between time zero and five units, while the red points represent the pits that start to 




3. PITTING GROWTH MODELLING 
It is well accepted that the pitting growth can be modeled by statistics methods [11-15, 21-22]. 
One of the methods that can be used is the Gamma Process [20-21]. The Gamma Process is a 
continuous-time stochastic process with independent gamma increments. The shape parameter ( k ) 
controls the rate of the jump and the inverse of the scale parameter (  ) controls the jump sizes. The 
Gamma Process with shape parameter k  > 0 and scale parameter   > 0 is a stochastic process 
 ( ) : 0y t t   with the following properties: 
1. (0) 0y   with probability one; 
2.  for all 1 0i it t    and 
3. ( )y t  has independent increments. 
where ( , )Ga k   is the Gamma probability density function. This function can be expressed by 
Equation (6).  
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   

                (6) 
 
Where y  > 0 and 
1
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( ) exp( )k
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Figure 2. Evolution of the pits location with =20 units. The black points represent the pits that appear 
between time zero and five units, while the red points represent the pits that appear between 
time five and ten units. 
 
By the considerably divisibility of the Gamma distribution, the Gamma distribution is a Lévy 
process. A Lévy process can be written as the sum of Brownian motions. It means the sum of random 
increments.  
Using this way of modelling, it is possible to represent the linear behavior of the pitting growth. 
Although, the linear pitting growth modelling is commonly used in the industry in order to calculate 
the estimation of the remaining life-time of the pressure vessels, in the strict point of view, the pitting 
corrosion growth has a non-linear behavior [10-12].
 
Considering this non-linear behavior, the 
overestimation can be reduced. For this reason, in this research it is combined the deterioration process 
considering a non-linear behavior and the Gamma process. Hence, we modify the second property of 
the Gamma process mentioned above, for this one:  where 
q  is the parameter that represents the nonlinearity growth of the pitting corrosion. Usually, the 
q parameter is less than or equal to unity. Velazquez et al.[12] proposed to determine the q  parameter 
value taking into account the soil characteristics. In this way, it is possible to relate the corrosion 
theory and the stochastic characteristic of the pitting growth. 
The parameters k ,   and q  may be estimated using the information obtained in the 
inspections carried out during the maintenance plans. In the Figure 3, we have different paths of the 
pitting growth, observing the random and monotonic increments. The dotted lines represent the 
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confidence bands, all the paths must be inside of these ones. Just for the sake of illustration, the Figure 
4 shows the pit depth histogram at time 25 units with =20 units and q =0.6. The line correspond to 
the gamma pdf fitted, according to the gamma process theory, the result of the sum of the all 
increments must be also a gamma distribution. 

































Figure 3. Random paths. The solid line shows the mean and the dotted lines show the confidence 
bands at 95%. 
 
 































Pit depth [length units]
 
Figure 4. Histogram of pit depth at time 25 with =20 and q =0.6. 
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4. EXTREME VALUE ANALYSIS 
In the extreme value theory, there are two approaches to analyzed the maximum values. The 
first is named Block Maxima (BM); these models consider the largest observations obtained from 
blocks. In our research each block is a small area of the total. Another approach is named Peak-Over-
Threshold (POT); these models focus on the observations which exceed certain threshold.  
In this research, a rectangle is used to represent a steel plate. This rectangle has an area of 100 x 
200 units. We divided this rectangle in small blocks with area of 10 x 10 units. Using this method it is 
reasonable to study the distribution of the deepest pits. The Figure 5 is an example of the maximum pit 
depth simulated at time 10 with =20 and q =0.7.  
 




























Pit depth [length units]
 
Figure 5. Histogram of the maximum pit depth using BM with =20 and q =0.7 at time 10. The black 
line represents the GEVD fitted. 
 
The histogram is fitted to GEVD, using the Kolmogorov-Smirnov test [24]. The parameters 
value obtained during the fitting are presented in this figure. It is possible to observe that the shape 
parameter is a “little bit” lower than zero.  
In order to analyze the maximum pit depth a simulation was made under different conditions. 
The simulations were made using different q  parameter values. These values are: 0.6, 0.7 and 0.8. 
Meanwhile, values of 20 and 30 were used to know the effect of pit density (  ) in the maximum pit 
depths. These simulations were made at 10, 15, 20 and 25 time units. 
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Non-parametric estimates of the median and variance of the simulated values were obtained 
from the simulations done with the conditions mentioned above. From Figures 6a and 6b it is possible 
to observe that the median and the variance tend to increase in proportion to time. Similar results were 
obtained by Caleyo et al.[15] in a Monte Carlo study about the maximum pit depth evolution, 
concluding that the variance increase in time because of the pits stochastic nature. In longer time the 
variance increases because the older pits continue growing and new pits keep appearing.  
 












































  =  20, q = 0.6
  =  20, q = 0.7
  =  20, q = 0.8
  =  30, q = 0.6
  =  30, q = 0.7
  =  30, q = 0.8
a)
 


















































  = 20, q = 0.6
  = 20, q = 0.7
  = 20, q = 0.8
  = 30, q = 0.6
  = 30, q = 0.7
  = 20, q = 0.8
 
Figure 6. Time evolution of the non-parametric estimates; (a) mean and (b) variance of the simulated 
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The shape parameter also increases in proportion to time (see Figure 7a). We can observe in 
this figure that the shape parameter goes from the negative to positive values. It means that Weibull 
distribution is the best option for short-term exposures. For long-term exposure Gumbel or Frechet can 
be a better option. Caleyo et. al.[15] also observe this behavior. They conclude that the increment in 
the shape parameter can be related with the fact that, for longer times the deepest pits continue 
growing. This evolution provokes that the maximum pit depth distribution skew toward deeper pits and 
the tail turn out to be larger. In the Figure 7b one can notice the effect of the shape parameter changes 
in the “bell curve”. In fact, the skewness values for each distribution change from positive to negative. 
This effect can affect considerably the probability of leakage. 
 




























  = 20, q = 0.6
  = 20, q = 0.7
  = 20, q = 0.8
  = 30, q = 0.6
  = 30, q = 0.7
  = 30, q = 0.8
a)
 










 10 years, skewness = 0.48
 15 years, skewness = 1.02
 20 years, skewness = -1.17












Pit depths [length units]  
Figure 7. Time evolution of the; (a) shape parameter and (b) PDF for maximum pit depths in different 
times. 
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After knowing that the shape parameter has changes during the maximum pit depth evolution, 
it is important to question: This effect can be noticed when we only know the deterioration of a small 
part of the structure? To answer this question, in the next section of this paper the return plot method 
was applied. This method is applied to the fitting of the GEVD and the Generalized Pareto Distribution 
(GPD). For the GEVD fitting, the BM approach is used. It means that we need to know only the 
maximum pit depth of each block. In the case of the GPD fitting, we need to use the Peak-Over-
Threshold (POT) approach, which we need to select a threshold. All the pit depths selected after this 
threshold will be analyzed  
 
 
5. BM APPROACH 
For the BM approach, it was only chosen the maximum pit depth for each small block. In order 
to modelling extreme values of different observations 1max, 2max max,..., ny y y  are blocked into sequence of 
observations of length n. To estimate the extreme quantiles of the maximum distribution are obtained 






1 log(1 ) , 0





         
 
      
               (7) 
 
Where: ( ) 1MG y p  , My is the return level related with the return period 1/ p .  
 
The connection of the GEV model can be understood in terms of the quantile equations, 
specially defining log(1 )pz p   . The Expressions (8) show this definition. If My  is plotted against 
pz  on logarithmic scale, the plot is linear when 0  . If 0   the plot convex with limit as 0p   at 









        
    
                                                (8) 
 
In this experiment, the 10% percent area of the pitting growth was only analyzed in the 
rectangle described above. It means that 20 small blocks were selected randomly from the entire 
rectangle of 10 x 20 units. It is important to mention that all the fitting carried out during this research 
was doing using the “POT” and “extRemes” packages free distributed with de software “R”.  
In the case of the pitting corrosion, it is indispensable to calculate the ratio block area over the 
entire area analyzed (aT/A). This ratio defines the return period value 1/ p  to be used in the 
Expressions (7). The mathematical procedure to demonstrate the relationship between (aT/A) and the 
return period is shown in the page 64 of the reference [24] 
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The Figure 8 shows the return level plots at different moments in different conditions: a) q = 
0.6, b) q = 0.7 y c) q = 0.8. In this figure, it is possible to observe that there are changes in the form of 
the plots as a result of the changes in the shape parameters. These changes may affect the extrapolation 
due to sometimes the plot can be concave or convex. The dashed lines presented in the Figure 8 can 



















 10 years =-0.119
 15 years =-0.065
 20 years =0.019





















































 10 years =-0.099
 15 years =0.003
 20 years =0.096






















































 10 years =-0.03
 15 years =-0.025
 20 years =0.096


























Figure 8. Return Level plot of the GEVD for: a) q  = 0.6, b) q  = 0.7 and c) q  = 0.8. The dashed lines 
can support to determine the maximum pit depth. 
 
 
6. POT APPROACH 
For the Peak-Over-Threshold approach We choose all the observations that exceed over a 
thresholdu . These observations are fitted to the Generalized Pareto Distribution (GPD) (See Equation 









   
 
                (9) 
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In order to approach using POT it is essential to select a threshold u . This threshold can be 
selected using the mean residual plot and a sensitivity plot for the parameters *  and  . For the mean 
residual plot, the threshold selected must have a linear change. In the sensitivity plot the parameters 
must remain near-constant. The mathematical procedure for the plots already mentioned can be found 
in the Reference [18]. So as to choose the best threshold the package “POT” and “extRemes” were 
used. 
As discussed in the last section, it is commonly opportune the use of quantiles or return levels. 
The quantiles can be obtained according to the Expressions (10) [18]  
 
  (A / a ) 1 , 0






    

   
             (10) 
 
Where un  is the number of observations after the threshold u , A is the entire studied area and 





























 10 years  =-0.11  n
u
=37
 15 years  =-0.04  n
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 10 years  =-0.11  n
u
=43
 15 years  =-0.13  n
u
=43
 20 years  =-0.03  n
u
=41
























Figure 9. Return Level plot of the GPD for: a) q  = 0.6, b) q  = 0.7 and c) q  = 0.8. The dashed lines 
can support to determine the maximum pit depth. 
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The data obtained in the last section were used again in order to know if there is any change in 
the shape parameter that can affect the extrapolation in the return period method. In the Figure 9, it is 
possible to observe how the shape parameter change in different times, like in the return level plots of 
the GEVD. It means that both GEVD and GPD can show the shape parameter evolution in time. To 
determine the extrapolated value of the maximum pit depth it is essential to know the number of 
observations that are greater than the chosen threshold (nu) and the A/aT ratio. The number of 
observations (nu) times the A/aT ratio defines the return period. 
 
 
7. RESULTS AND DISCUSSIONS 
Table 1. Results obtained with the Block Maxima and Peak-Over-Threshold approaches. 
 








10 20 0.6 12.76 8.60 11.96 1.79 11.75 
15 12.77 -0.23 13.54 5.78 12.80 
20 18.65 -8.89 19.03 -7.03 20.47 
25 22.88 -3.09 23.90 1.23 23.61 
10 0.7 10.43 -27.22 11.44 -20.17 14.33 
15 19.07 -2.70 16.90 -13.78 19.60 
20 18.57 -11.40 15.16 -27.67 20.96 
25 25.58 16.91 22.04 0.73 21.88 
10 0.8 13.51 14.59 10.33 -12.38 11.79 
15 15.40 -6.67 15.88 -3.76 16.50 
20 21.05 8.45 20.40 5.10 19.41 
25 19.33 -25.83 25.35 -2.72 26.06 
10 30 0.6 12.83 17.17 11.47 4.75 10.95 
15 15.96 -11.09 17.09 -4.79 17.95 
20 17.53 -6.01 17.65 -5.36 18.65 
25 20.21 2.75 19.75 0.41 19.67 
10 0.7 10.55 -22.43 11.82 -13.09 13.60 
15 16.03 6.94 14.23 -5.07 14.99 
20 19.21 -5.88 18.54 -9.16 20.41 
25 24.98 4.61 24.06 0.75 23.88 
10 0.8 13.20 -7.95 13.93 -2.86 14.34 
15 18.01 -5.36 18.53 -2.63 19.03 
20 24.90 7.33 23.50 1.29 23.20 
25 29.85 6.99 28.98 3.87 27.90 
 
Table 1 shows the results obtained in the extrapolation using both BM and POT approaches for 
two different values of  . Also, it is feasible to observe in the last column the maximum pit depth 
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obtained in the simulations. The percentage of error respect to the maximum value is also shown in the 
fifth and seventh column for BM and POT respectively.  
In the Table 1 can notice that the POT is the best approach in 20 cases from the total of 24. It 
means that using this approach in situations where it is not possible to inspect a large percentage of the 
area. Usually the POT approach is not a well-known method in pressure vessels integrity engineering 
because of the higher mathematical complexity in comparison with the Block Maxima, BM. However, 
according to the results presented in this paper, the use of GPD in the maximum pit depth extrapolation 
can be reliable because describe the physical behavior of the maximum pit depth. As it was mentioned 
before, the shape parameter increases in time. This change is attributed to the new pits that have a 
different growth rate respect to the older pits and also to the fact that the deeper pits that also have a 
different rate respect to others.  
Taking into account the shape evolution time in the extrapolation, it feasible to increase the 
accuracy in the estimation and therefore reduce the number of inspections. This can help in manage 
better the risk in the pressure vessels.  
In the oil industry, it is difficult to inspect an entire vessel with a non-destructive test (NDT), 
for that reason the vessel could be inspected in only some parts. The results of the inspection are used 
to determine if the vessel is reliable to keep working. Therefore, it is necessary to use all the statistical 
methods and its understanding in the data analysis. BM is a widely used method but it is more 
conservative, it means that applying this method can provoke unnecessary repairs. 
In order to motivate people interested in applying their mathematics knowledge in pitting 
corrosion modeling, Velázquez and coworkers published field data information in the Reference [25]. 
This has the goal of being able to understand better the stochastic nature of the phenomenon. 
 
8. CONCLUSIONS 
The use of statistical simulations in the pitting corrosion is useful to know the different 
characteristics of the phenomenon described below. 
First of all, despite the pit initiation time is a key factor to determine the structural 
deterioration, there is no practical engineering technique capable to measure it. Describing as a Non 
Homogeneous Possion Process, one can determined the evolution of the total number of pits. 
Second, the pitting growth has a stochastic behavior. This behavior can be perfectly described 
by the Gamma Process because the mean and variance have a well recognized evolution. This process 
is also very useful because of the capacity to couple successfully the stochastic attribute of the pitting 
initiation and the pitting growth. Also, it is feasible to consider the non-linear characteristic of the 
pitting growth. 
The extrapolation methods also repeat the time evolution of the shape parameter that is 
regularly presented in the maximum pit depth distributions. Another point to conclude it is that POT 
approach estimates in a better way the maximum pitting corrosion depth than the BM approach. 
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